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ABSTRACT

The aim of this paper is to study necessary and sufficient conditions such
that a given system will become a strong M -base in Banach Spaces. The
results obtained in this article were based on the stability of strong M -
bases in Hilbert Spaces. Firstly, for two strong M -bases given, there
would exists a continuous linear operator, which is denoted by T, such
that [.—T is a continuous linear injective. Under the suitable

assumptions, [, —T will become a continuous linear isomorphism.

Secondly, a sufficient condition on the existences of a strong M -base in
given Banach space is also provided as well. Finally, a conclusion to the
obtained results is also proposed.

TOM TAT

Bai bdo nay nham muc dich nghién ciru mot $6 diéu kién can va di sao
cho mot hé th(fng cho trucc tro thanh mot M -co so manh trong khong
gian Banach. Céc két qua thu dwge trong bai bdo diea trén tinh 6n dinh
cua M -co so manh trong khong gian Hilbert. Trucc tién, voi hai day
M -co sé manh cho trude, ludn ton tai mét todn tir tuyén tinh lién tuc T
sao cho I, —T la mot don cau tuyén tinh lién tuc. Dudi cdc gid thiét phi

hop, I, —T sé tro thanh mot dang cdu tuyén tinh. Tiép theo, mot diéu

kién dii vé su ton tai cia mot M -co so manh trong khong gian Banach
cho triede ciing dwoe dan tot. Cuoz cing, mét sw két ludgn cho cdc két
qua thu dwoc ciing dwgce dé xudt.

Trich dan: Tran Van Sy, 2017. V& M-co s& manh trong khong gian Banach. Tap chi Khoa hoc Truong Dai
hoc Can Tho. 53a: 118-124.

1 GIOI THIEU

Trong khong gian Banach c6 nhiéu loai co s&
khac nhau, chéng han nhu co s& Cesaro, co sO
Markusévic (hay M -co s6), co sé Schiuder, ...
bpé nghién ctru tinh 6n dinh cta cac loai co s& nay
trong khong gian Banach, Paley, Wiener va Bary
(Paley et al., 1934) da dé xudt bai toan sau:

Bai toan 1: Véi diéu kién ndo cia mét déy cho al., 1971,
trudc du "gan" voi mot co so Schéuder cho trudc
cing la mot co so Schduder trong khong gian

Banach?

Ta c6 thé m6 ta lai bai toan trén nhu sau: voi

diéu kién nao cua day {y,} _ du gan day

{e’l }n:l,Z,...,+oo

cua khong gian Banach E?

n=1,2,...,

thi no cling 1a mét co s& Schauder

Bai toan nay dugc quan tim nghién ciru nhiéu
boi nhidu nha toan hoc (Singer, 1970; Retherford et
Singer, 1981; Sinha, 2000; Kasimov,
2002 ). Nhiéu diéu kién 6n dinh trong trudng hop
co so Schauder dua ra hau hét déu doc lap, tirc 1a
tir diéu kién nay khong thé sinh ra diéu kién khac
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(Singer, 1970), va dugc chi ra b@“i,ng ‘nhiéu Yi du cu
thé trong giai tich ham. Puoc biét rang, moi co sd
Schiuder 12 mét M -co s& manh (Singer, 1970;
Singer, 1981). Diéu nay cho biét M -co s manh
14 manh hon co s¢ Schiuder. Do do, cac két qua co
trong co s Schiuder khong thé ap dung tryc tiép
cho M -co s& manh dugc. Vi vy, viéc nghién ctru
céc tinh chét lién quan dén sy 6n dinh cua M -co
s6 manh 1a mot viéc lam c6 y nghia va can thiet doi
véi bai bao nay.

Trong bai bao, khong gian Banach xac dinh

trong truong sd phic C ludén duoc ky hiéu bang
mot ky ty E , tap chi sb tuy y dugc ky hiéu bang
kytw 1.
. Muc dich chinh cua bai bao 1a nghién ciru tinh
on dinh cho Bai toan 1 trén dua vao mdt co sO
tong quat hon d6 13 M -co sé hay co so
Markusévic.

Phuong phap nghién ctru chinh trong bai bao
nay la str dung cong cu cua giai tich ham nhu cong
thirc tinh chuan, anh xa ngugc, tinh chat dang cau
ciatoante [, —A: E—>Ev6i [, E—>FE la
toan tir ddng nhat va A 1a toan tir tuyén tinh co
chuan bé hon 1.

2 CAC KIEN THUC CO SO

Cho E 1a mot khong gian Banach tuy y, E 1a
mot khong gian d6i ngiu topd cia £ va cho mot
ho {e.

1

}_, CE, véi I lamottap chisb tiy §.
Céc dinh nghia dudi day 1a co s dé nghién ciru
tinh chét on dinh cia M -co sé manh trong khong
gian Banach va hon nira, ¢ thé tim thiy trong cac
tai licu (Singer, 1970; Retherford et al, 1971;
Singer, 1981; Sinha, 2000; Kasimov, 2002 ).

2.1 Dinh nghia

(i) Hé {el., ﬁ}ie[ duogc goi 1a song truc giao
néu fi(e;)=0,, v6imoi i, jel trongdo J,,
la Krockener delta. H¢ song truc giao {el., ﬁ}ie .
duoc goi la cuc dai néu n6 khéng c6 mo rdng thuc
su nao, theo nghia, néu {ei, fi}ie , khong cuc dai
thi tn tai e, € X, e, #e,Viel, f,eX,
fo#® 1 (Vie[)sao hé {ei’fi}iel

U{eo,fo} la song tryc giao.

cho
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(i) He {e,f} , duoe goi la [ -day du
(hay goi tat la day du) néu khong gian con sinh boi
{el. ‘e ]} la tro mat trong E, nghia la

spanie, :iel} =F.
(i) He {e,f} , duoc goi la E —toan

ven (hay goi tit la toan

eck, f(e)=0,Viel = e=0.

ven), néu

binh nghia 2.1 1a co s¢ cho cac dinh nghia dudi
day va s€ duoc phat biéu nhu sau:

2.2 Dinh nghia

() Ho {e;},,
Markusévic) cia E néu ton tai {f;}

goi 1a M -co s& (hay co s&
w; CE" sao
cho h¢ {e,, f},.; 1asong truc giao ddy di va toan
ven.

(ii) Néu ho {f;},., < E"ton tai va duy nhét
thi n6 dugc goi 1a ho ham lién két qua M - co so
{e}ics -

(ii)) Mot M -co s¢ {e},, voi ho ham lién
két { S}, duge goila M -co s manh khi mdi

xek thix:Zf[(x)ei.
iel

2.3
Xét

Vidu

khéng Hilbert

E:lz :{x:{xﬂ}neN :

v6 hudng sau:

gian

5

n=1

X

n

2<+oo} vo1 tich

<X, y>= any_n Vx= {‘xn},,gN ’ y:{yﬂ}neN €E.

n=l1

Xétho {e;} . C E dugc xdc dinh boi

 (Lkhii=
e ()= C
0, khi i # j

V6i moi i €N, xét ham f,: E— C dugc
dinh nghia bdi:
fi(x)=<x,e > VxekE.

D@ thay {fi}ieN CE vavsimdi xeE, ta

¢6 biéu dién sau:
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Do do, spanfe,: ie N} =E.

vay hé {e, fi} , la E—day do. Xeét
/,(x) =0 Vi e N. Theo dinh nghia ta c6

xX= Z< X, e >e = Zfl.(x)ei = ZO.el. =0.
i=1 i=1 i=1

Do vay, hé {e[, f[}ieN 1a E" —toan ven. Theo
dinh nghta M —co so manh, h¢ {e, f;} . la
M — co s manh cua /,.

2.4 Dinh nghia

Diy {e}, .y E (e#0, VieN) duoc
goi 1a mot co s Schiuder cia E néu v&i mdi

x € E, ton tai duy nhat cac vo huéng {a,},

o0
sao cho x = Z ae,.
i=1

Xét mot ho lin két {f;} . véi co so
Schéduder {ei}ieN cuaa E  trong do
fi(x)=x, VxeE. Khido, hé {e, fi}ieN 1a

M — co s& manh.

3 CACKET QUA MOI CUA BAI BAO

Dua vao tinh chét du "gdn " dugc dua ra theo
nhiéu hudng khac nhau trong phat bicu cua Bai
toan 1, cac két qua vé didu kién can va du cho M
-co s& manh trong khong gian Banach phic £ s&
dupc cung cap. Dau tién la mot di€u kién can co
thé duoc phat biéu nhu sau:

3.1 Dinhli

Cho I 1a tap chi s tiy y va gia st ring
{ei’ fi}iel va {yﬂ gi}iel 1a hai M -co s6 manh
trong khong gian Banach E va ngoai ra, ton tai it
nhat mot chi sb io € [ sao cho 4nh xa nguoc gi; :
lién tuc. Gia st thém rang chuoi so
DS llle,—y, || hoi ty. Khi do, ton tai duy

iel
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nhit mot toan tr 7 : E — E tuyén tinh, lién tuc
va thoa man bit ding thirc sau:

AN PATEESA

iel

(*)

Néu thém {yi} 1a mot hé doc lap tuyén tinh

iel
mé rong thi toan tir 7, — 7 1a mot don cau tuyén

tinh lién tuc.

O day {y,} _, 1a mot hé doc lap tuyén tinh mo
rong, nghia la:
> ay,=0, a,e K(K =R, C)
iel
= a,=0 Viel.
Chimg minh: Theo gia thiét, ton tai chi s6
i, € I sao cho anh xa nguoc gi; ' lien tuc. Xét
toan tr T tr E vao E duoc xac dinh bdi
_ A . . N
r=1,-g, ,f véil,:E—E latoan ti
ddng nhat. Véi moi x € E, theo dinh nghia M -
co s& manh ta cé
X = Z fi(x)e..
iel
Suy ra
-1
I'x=x-g, (f, (%)
Ma

fio (x)= Zf;(‘x)é‘llo = Zfi(x)gio )

=g, (Zfi(X)yl-
g0 £, =2 i)y

iel
iel

iel

Do do,

H¢ quéa la
Tx = Zfl.(x)(e[ -, VxeE.
iel

Vay, toan tr T xac dinh nhur trén 1a duy nhat.
Ta chiing minh T tuyén tinh. That vy, véi moi

x,yekE, a,,BeK,dofieE* Viel nén
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ﬁ(ax+ﬂy)=afi(x)+ﬂfi(y) Viel.
Do do,

T(ax+py)= [af,()+BL(]e~y)

iel

=Y af(x)e,-y)+ Y. Bf(»)e~¥)

iel iel

:O’fo(x)(ei _yi)+ﬁzfi(y)(ei -¥)

iel iel

=alx+ pTy.
Ngoai ra, T lién tuc bdéi vi cac 4nh xa
-1 i n R .
g, > ]io lién tuc nén anh xa

I, —gijo fi0 : E— E ciing lién tuc, va diéu
nay kéo theo 7' ciing vay.

Mat  khac, ta bat ding thirc
|\Tx\|£i§[||f,- lle; =i lllx]l véi moi x € E.

co

Tir day dé dang c6 dugc két qua (*) trong phat biéu
cua Pinh 1i 3.1.

Cudi cung, hién nhién rang 7, — 7 13 mot toén
tir tuyén tinh va lién tyc. Ta con phai chimg minh
rang no6 1a mét don anh la du.

That véy, véi mdi phan tir x € E thoa méan

{,-T)x=0,
hay tuong duong vai

2 [i(x), =0.

iel

Viho {y,},., doc lap tuyén tinh mé rong nén
suy ra f,(x)=0,Viel. Laiviho {x,, f}
toan ven nén suy ra x=0. T diy suy ra
(I, —=T)"'(0)={0}. Ap dung mot két qua duoc
biét trong gido trinh Gii tich ham (Nguyén Vin
Khué va ctv., 2001), ta suy ra rang toan tr [, — T

iel

la mot don cdu tuyén tinh va diéu nay két thic
ching minh

Chi ¥ tir diéu kién (I, —T)"'(0) = {0}, suy
ra [, —T: E — E la don anh. That vy, gia sit

(L =T)(x)=(1; ~T)(»).

Vi I, —T latoan tir tuyén tinh nén
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(L, =T)(x0)~(I;=T)(») =0
A (IE_T)(X_J/)zo

S x—ye(IE—T)_l 0)

& x—yef0}

& x=y.

Thém mot didu kién can vé tinh 6n dinh cua
M -co s& 6 thé duge suy ra tryc tiép tir Pinh li
3.1 bén trén dugc phat biéu nhu sau:

3.2 Dinhli

Cho I 1a tap chi sb tuy y va gia sir rang
{e.,, fitie, va {y,, g,},.; 1ahai M -co s& manh
trong khong gian Banach E. Khi d6, néu

DUl fillle =y, <1 va co it nhat mot chi sb
iel

iy € I sao cho g[; ' lién tuc, thi ¢6 thé xac dinh
duy nhat mot toan tr T': E — E c¢6 tinh chat
tuyén tinh, lién tuc va I, —T 1a mot dang ciu tir

E vao E.

Ching minh: Ap dung Binh ly 2.1, toin tir
tuyén tinh 7 : E — E tdn tai va duy nhét. Theo
gia thiét ta co

Z“ f; |||| €~ H <1
iel

va két qua thu dugc boi cong thic (¥) trong
Pinhli3.1. Suyra

|T]|<1.

Do d¢, toan tir [, —7 la mot dang céu tir E
vao E va diéu nay két thic ching minh.

Cubi cung 1a mot diéu kién du dya trén co s¢ 1
cac diéu kién can va c6 thé dugc phat biéu nhu sau:

3.3 Pinhli

Cho [ 1a tap chi s6 tuy y va gia sir rang hé
{e;, f.},, 1a mdt M -co s¢ manh ctia E. Cho

{¥.},.; lamdtho trong E . Gia sk thém rang:

. X s A I =1 4.4
(i) Ton tai mot chi so i, € / sao cho fio lién

tuc.

Qi) YN £ lllle, =y, [ <1.

iel
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Khi d6 ton tai mot ho {g,},., < E" va mot

iel
chi s6 i, € I sao cho 4nh xa ngugc gi; ' lien tuc
va hé {y,, g;},.; 1a mot M -co s& manh trong
khong gian Banach phitc £ .

Chung minh: Theo chiing minh cta Pinh li
3.1 trén, xét mot toan tr 7 tr E vao E duoc
xac dinh bdi cong thue sau:

Tx = Zfi(x)(ei -y,) Vxek.
iel
Ap dung mét tinh chat quen thudc trong gido
trinh Giai tich ham: v6i moi phiém ham tuyén tinh
lientuc L € E,

|IL(x)| <

Tir day ta suy ra duoc rang

x € E taluon co:

1< Skl - s e
Do do,

||Tx|| < ||x|| VxekE, x#0,
boi vi

Dl fillle =y, <1 (xem gia thiét (ii)).

iel
Hé qua la
Il _,

A

Theo ching minh ctia Pinh 1i 3.2, toan tr

|7 || =supt

I, —T 1a mot dang cau tuyén tinh tr E vao E.
cE

Tiép theo ta xét ddy ham {g,} voi
8 :(fi)g (IE_T)_1

ra rang ton tai chi so io € [ sao cho 4nh xa nguoc

-1
Ji

iel

. Tur gia thiét (i) trén suy

lién tuc. Hon nira, ta cé
()" =((2), G-1))
- ((]E -
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lién tuc tir £ vao E.
lamot M -

Vay anh xa ngugc gigl
Cubi cing, chimg minh hé {y,, g,},,
co s¢ manh trong khong gian Banach E . Dé thay
rang

(Z; _T)(e.i) =y, Vjel

Vi el ()= f(e) L, khi i=j

la € ) i i) = i e )= P .

/ i ! 0, khi i+ j

Thét vay, theo dinh nghia ta c6

(]E _T)(ej):ej _Zfi(ej)(ei =)

:ej_(ej_yj)
=y, Vjel
g)=1,:-T) (v,
< -1 ((2:-1)(e,)
= £, (1 =T) ", (1.-T)(e;)
=fi(e;,) Vi,jel.

Theo gia thiét ban dau ta co hé {e,, £}, , 1
mot M -co s manh cia £ . Theo Dinh nghia 2.2
(iii), véi mdi x € E , ta co

x= Z fi(x)e..

iel

Do d6, h¢ {e,, f;},., 1a E —ddy du. That vay,
khing dinh nay twong duong véi kiém tra diéu kién
sau:

iel

spanf{e:ie€ I} = E.

Bao ham thac span{e;:i€ I} C E 1a hién
nhién boi vi e, € E Viel va E la khong gian
tuyén tinh. Bao ham thic nguoc lai
span{e:i€ I} DE ¢6 dugc la do v6i mdi

xekE, f(x)eC Viel kéo theo

X = Zfi(x)ei espanie:iel}.

iel
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Ta kiém tra hé {e,, f,},, 1a E —toan ven.
That vay, gia sa véi mdi x € E,

f(x)=0Viel.

iel

Boi vi x:Zfi(x)el. nénx:ZO.ei =0

iel iel

f;}iel la E*_

Theo Dinh nghia 2.1 (iii), hé {ei,
toan ven.
Ta kiém tra h¢ {y,, g,},_, ciing la mot E -
toan ven. C6 dinh x € E va gia sur rang
g (x)=0Viel.
Diéu nay tuong duong véi

(U= '(v)=0viel

Vi h¢ e, f}., 1a E —toan ven nén
(1,~T) " (x)=0. Vi [, ~T 1a mét ding chu

nén x=0. Vayh¢ {y,, g,}._, 1a E -toan ven.

iel

Bay gid ta kiém tra hé {y,, g,},., song truc
giao va E — day du.

Ta c6  g(y;,)= fi(e;)=0; voi moi
i,jel nén hé¢ {y,, g;},., 1asong truc giao.

Ta thdy ring

span{y;:ie l} =E.

That vay, vi y, € E Vi el nénbao ham thirc
sau dang:

span{y:ie l} C E.

Ta kiém tra bao ham thuc nguoc lai

span{y:iel} DE.

Véimoi yeE, do I, —T la mt dang cau
duy nhit x€FE sao cho
y:(]E —T)(x). Do spanie;:i€ I} =E, ton

W

nén ton tai

tai  day c span{e: iel} sao cho
lim x"” =x. Suyra

V—>+00
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lim (7, —T)(x(v))z(lE ~T)(x)=y.

Boi vi
(IE —T)(x(v))espan{(IE —T)(el.): iel}

voimoi v>1, nén

yespan{(1, —T)(e,):iel}=span{y,:iel}.
Vay he {y,, g}, laddy du trong E.

Lap luan tuong tw nhu trén, véi méi y € E ton

tai x = Zﬂ(x)ei sao cho

iel

y=(1,~T) () =( (zfmej

iel

:Zfi(x)([E _T)(ei)

iel

_Zf(] _

iel

) )1 ~T)(e)

=> g0,
iel
Do d6, hé {y,, g,},., 1a M -co s& manh
trong E va diéu nay két thuc chimg minh.
3.4 Nhén xét

Néu ta bo di gia thiét (i) trong Dinh i 3.3 thi
két qua thu dugc chi la ton tai mot ho

{gi}iel c E" sao cho hé {y., g}, 1amot M -
co s6 manh trong khong gian Banach phitc E .

Thuc ra 4nh xa nguoc gi; ' lien tuc 1a mot hé qua

tlr 4nh xa nguoc tuong ung f,(:] lién tyc. Tu day,
mot vi du dé minh hoa cho két qua thu duoc s&

duoc dé xuat.

3.5 Vidu

Xét khong gian Hilbert

LU)= {X:{xi}iel eC: Z:|xi|2 < +oo}
iel

véi tich vo hudng <., >, & day

<x9 y >:Zx1;1’ vx:{xi}isl’y { }lEI EI (])
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Xétho {e,} _ < 1,(I) dugc xic dinh boi
L (Lkhii=
()= .
0, khii#j

Vé6i moi i € I, xét phiém ham tuyén tinh lién
tuc trén /,(/) duge dinh nghia nhu sau:

fi(x)=<x,¢e > Vxel,(I).

Khi d6, véi mdi x € /,([) ta dé dang thdy rang
x=) <xe>e,.
iel

Vay he {e, fi} _, la L(I)—diy di. Xét

/;(x) =0 Vi e l. Theo dinh nghia ta co
x= Z< X, e >e = Zﬁ(x)e,. = ZO.e, =0.
iel iel iel

Do vay, hé {e[, ﬁ}ie[ la [, (I)" - toan ven.
Theo dinh nghia M — co s¢ manh, hé {el., fl}
la M —co s6 manh cua [, (]).

iel
Xét hé

{7,€}_, xéc dinh bsi

2i+| _1 .
Vi Z?q va
i+l
g (xX)=———<x,y,> Vxel,().

2i+l_l
Dé thay hé {yl.,gi}ie[ 1a M —co s6 manh
cua [,(1),vado ||fl|=1 Viel nén

DA FAICESAEDY

iel iel

<1

2i+1
Néu trong hé {yl., g, }ie[ chon

yi:%ei va g (x)=2<x,y > Vxel,(),

thi hién nhien {y,,g,} _ cing la M —co so

manh cta /,(I) nhung gia thiét (ii) khong thoa

man:

1
Sl e = l=22>1.

iel iel

124

Tdp 53, Phan A (2017): 118-124

Nhu vy, theo Nhan xét 3.4, két qua dat duoc
trong Pinh 1i 3.3 trén thuc su chi la di€u kién du dé

hé {yi , 8, }ie[ 1a M — co s& manh cta khong gian
Banach phiic E.

Chu ¥ tap chi s6 I duoc xét bén trén khong
nhét thiét phai 1a tap cac sé tu nhién N.

4 KET LUAN

Trong bai bdo nay, mot sb két qua vé sy on
dinh M —co s6 manh trong khong gian Banach
duoc thiét 1ap. Hai di€u kién can lién quan dén cac
he f{e, fities va V> &y 1a hai M -co s¢
manh trong khong gian Banach E duoc cung cap
va mot didu kién du lién quan dén hé {el., fl} iel

la mét M -co s& manh cho trudc ciing duge dé
cap. Cac két qua thu dugc trong bai bao 1a hoan
toan méi so voi cac két qua dugc cong bd trude
day trong (Singer, 1970; Retherford and Holub,
1971 ; Singer, 1981; Sinha, 2000; Kasimov, 2002
& chd str dung hai hé¢ M -co s& manh trong khong
gian Banach £ va anh xa ngugc lién tuc dé nghién
ctru diéu kién can va di, trong khi cac két qua da
biét trong qua khir chi sir dung duy nhét cho mot hé
M -co s6 manh trong khong gian Banach E va
tham chi tac gid cling khong dung tinh lién tuc cta
anh xa nguoc. Do 1a mot sy khac biét 1on trong bai
bao nay vai cac bai bao lién quan dén tinh 6n dinh
cua M —co s& dmanh trong khong gian Banach
phuc dugc biét trude day. Mot 6 vi du cling duogc
dé xuat trong bai bio nay dé minh hoa cho cac két
qua mai.
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